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Abstract

This paper shows that timetable construction is NP-complete in a number of quite different
ways that arise in practice, and discusses the prospects of overcoming these problems. A formal
specification of the problem based on TTL, a timetable specification language, is given.

Specificially, we show that NP-completeness arises whenever students have a wide subject
choice, or meetings vary in duration, or simple conditions are imposed on the choice of times for
meetings, such as requirements for double times or an even spread through the week. In realistic
cases, the assignment of meetings to just one teacher (after their times are fixed) is NP-complete.
And although suitable times can be assigned to all the meetings involving one student group
simultaneously, the corresponding problem for two student groups is NP-complete.
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1. Introduction

The timetable construction problem is to assign times, teachers, students and rooms to a
collection of meetings so that none of the participants has to attend two meetings simultaneously.
This basic requirement is often augmented with others concerning limits on the workload of
teachers, constraints on the way a meeting’s times are spread through the week, and so on.

Many different techniques have been applied to the timetable construction problem.
Previous work by the authors and others has attempted to break it into subproblems, in the hope
that each will be efficiently solvable. In such work a detailed understanding of the inherent
complexity of timetable construction is needed; a broad statement that the overall problem is
NP-complete gives no guidance on the prospects of solving any particular subproblem. This
paper fills in some of these details by identifying five independent NP-complete subproblems,
and discussing the prospects of solving each in practice.

2. Specification of the timetable construction problem

In this section we present a specification of the timetable construction problem based on
a timetable specification languagalled TTL. This language is formal yet flexible enough to
specify instances encountered in practice. An earlier version of TTL appeared in [1].

A TTL instance consists of ame group someresource groupsand someneetings.A
formal grammar appears in Figure 1. Here is a typical time group:



timegroup Timesis

Monl; Mon2; Mon3; Mord; Mon5; Mong; Mon7; Mor8;
Tuél; Tue; TueS; Tued; Tues; Tues; Tue/; Tues;

Wedl; Wed; WedB; Wedt; Wedb; Wed; Wed/; WedB;
Thul; Th; Thu3; Thud; Thub; Thue; Thu7; ThuB;
Fril; Fri2; Fri3; Fri4; Fri5; Fri6; Fri7; Fri8;

conditions(omitted

endTimes

It lists the names of the times available for meetings, followeddnyditions(see below). Here
Is a typical resource group:

group Teacherss
subgroupsEnglish ScienceComputing

Smithin English Computing
Jonesn ScienceComputing
Robinsornn English

end Teachers

This group containgesources(Smith Jones and Robinsoiy which are available to attend
meetings, andubgroupswvhich are subsets of the set of resources defining functions that the
resources are qualified to perform: teach English, etc. A resource may be in any number of
subgroups. Typical instances hakeachersRoomsandStudentsesource groups.

After the groups come the meetings, which are collectiorsdaibwhich are to be assigned
elements of the various groups, subject to certain restrictions. For example, here is a typical
meeting expressing five Science classes which meet simultaneously for six times per week:

meeting10-Sciencas
YearlO;
5Science
5SciencelLap
6 Times TwoDouble
end 10-Science

There is one slot which must contain thfearlO resource from th&tudentgroup; five slots

which must contain resources from tBeiencesubgroup; five resources from teiencelLab
subgroup of theRoomsgroup, and six times from th&mesgroup, which must satisfy the
TwoDoublecondition, defined as follows: there must be at least two double times (i.e. two pairs
of adjacent times), the times must be spread over as many days of the week as possible, and
all but one of the times must be nice (i.e. not last on any day). These conditions are defined in
the time group, but lack of space prevents us from explaining them in detail here. Formally, the



instance - timegroup{ resourcegroup{ meeting
timegroup - timegroup timegroupnames
{timename}
endtimegroupname
resourcegroup -  group resourcegroupnams
[ subgroupssubgrouplist; |
{ resourcenamgin subgrouplisf; }

endresourcegroupname
subgrouplist —  resourcegroupnamg resourcegroupnamge
meeting - meetingmeetingnames

{ timeselectresourceseledt
end meetingname
timeselect - number timegroupnanie timeconditionlis{ ;
N timename
resourceselect - number resourcegroupname
- resourcename
number - integer|all

Figure 1. Grammar of the TTL language. {... } means zero or more of, [ ... ] means optional.
Time conditions and some unimportant extensions required in practice have been omitted.

meaning is that the eleven selected resources will all be occupied together for the six times; in
fact, it is clear that the Year 10 students will be split into five groups.

Although most meetings are similar to-B&iencethere are some exceptions, for example
Faculty meetings:

meeting EnglishFacultyis
all English
1Times

end EnglishFaculty

and meetings which ensure that each teacher teaches at most 30 out of the 40 possible times each
week (say):

meetingSmithFreas
Smith
10 Times TeacherFregp
end SmithFree

The TeacherFreecondition is defined to mean that at least one time from each day must be
included. Real instances may have two hundred or more meetings altogether.

This completes the presentation of the TTL language. It has been used successfully by
the authors, with some unimportant extensions, to specify high school instances [1, 2], and it can
easily be extended to accommodate the multiple sections needed in university timetabling, and



to express preferences in selections. Requirements that do not seem amenable to expression in
TTL include relations between meetings (must not be consecutive, etc.), and conditions on the
set of meetings assigned to some resource (at most two Senior courses per teacher, minimize
walking distance, etc.).

We will denote by TIMETABLE CONSTRUCTION (TTC) the decision problem of
determining whether an assignment of times and resources to all the slots exists which satisfies
the various conditions and is such that no resource is assigned to two meetings which share a time.
This is polynomial-time equivalent to the problem of actually producing such an assignment:
given TTC, one can construct a solution if it exists by trying each possible assignment to the first
slot until TTC indicates that a solution exists, then repeating on the other slots in turn.

3. NP-completeness results

In determining the complexity of the TTC problem defined in Section 2, formally it
is sufficient to prove TTCINP (obvious) and to demonstrate one transformation from any
known NP-complete problem to TTC. But we wish to show that TTC is NP-complete in several
independent ways, all of which arise in practice. For this it is necessary to find transformations
which construct TTC instances that resemble special cases of the TTC problem that arise in real
instances.

The well-known formulation of the timetable construction problem given by Gotlieb [6]
assumes that each meeting contains exactly one nominated student group, one nominated teacher,
and any number of times which may be freely chosen. Csima [3] showed that Gotlieb’s problem
is in P if the teachers are initially available at all times, and Even, Itai, and Shamir [4] showed
that it is NP-complete if each teacher may be assumed initially unavailable at an arbitrary subset
of the times.

More relevant in practice was the work of Karp [7] showing that graph colouring is
NP-complete. At that time the connection between graph colouring and timetable construction
(revisited below) was already well known [8, 9].

3.1. Intractability owing to student choice

We begin with a well-known result relating timetable construction to graph colouring. It
shows NP-completenesswhen each studentis granted a free choice from a wide range of subjects,
as is characteristic of university timetable construction.

Theorem 1. GRAPH K-COLOURABILITY OTTC.

Proof. Recall that the NP-complete GRAPH K-COLOURABILITY problem asks whether
it is possible to assign a colour to each vertex of a gi@ph such a way that no two adjacent
vertices have the same colour; at miisk [V| distinct colours are allowed. L& = (V, E) with
V={v,...,v} andE = {e, ..., }. Constructthe TTC instance

timegroup T is
| S
endT;



group Ris

R

endR;
meetingM is
1T;
Cip- Cl,kl;
endM;;

meetingM is
1T;

Cots -+ Cr s
endM,;

where the resources, ... ¢ selected by meeting; are exactly those resouragsuch thag
is adjacent t; in G.

Suppose &-colouringf :V - {1,...,K} exists forG. Assignt, wherek = f(v,) to M, for
alli. The conditiorf (v) # f(vj) whenevefyv,, v} O E guarantees that meetings which share any
resource receive different times, so the TTC instance is solved. Conversely, a successful time
assignment defines a successful graph colouring. O

Taking eachr; to represent one student, this transformation shows that assigning times to
university classes such that all students can attend their choices is NP-complete even when each
meeting occupies only one time, each student chooses just two meetings, and teacher and room
constraints are ignored. It also demonstrates that university examination timetable construction
is NP-complete.

Universities avoid this problem by publishing the timetable in advance and requiring
students to choose only combinations of subjects permitted by the timetable. Large classes are
divided intosections(alternative offerings of the same subject) which run at different times.
Choosing appropriate sections for just one student after times are fixed is NP-complete (Section
3.3), but sections provide sufficient freedom in practice to make solutions fairly easy to find.

In high schools known to the author, student choice is limited by deciding in advance that
certain groups of meetings will occur simultaneously, and inviting students to choose one meeting
from each group. The decision as to which meetings to group in this way is often influenced by
a preliminary survey of student preferences, which of course makes itinto an NP-complete graph
colouring problem too.

3.2. Intractability owing to varying meeting size

Meetings occupy more than one time each. A typical pattern in high schools might be six
times for English and Mathematics, five for Science, three for Sport, and so on. When meetings
of such varying sizes are assigned to teachers, it can be difficult to assign exactly the 30 (say)
times that comprise each teacher’s workload. Overloading is forbidden by industrial agreement,
and underloading one teacher implies overloading another. This leads to NP-completeness even
disregarding restrictions imposed by teachers’ qualifications and the need to avoid clashes:



Theorem 2. BIN PACKING (with unary encoding)] TTC.

Proof. Recall that the NP-complete BIN PACKING problem asks whether a set of items
{u,,...,u}, each with a positive integer sizgt), can be packed intB bins each of capaci§ in

such away that no bin is overfull. We assume that these numbers are encoded in unary rather than
binary; since BIN PACKING is NP-complete in the strong sense [5], this version is NP-complete.
We transform to the TTC instance

timegroup T is
tl; ot
endT;

c

group Ris
ryealg
endR;
meetingM is
Suy) T
1R
endM;;

meetingM, is
Su) T;
1R
endM;

Given the initial unary encoding, this transformation clearly has polynomial complexity.

Suppose that the BIN PACKING instance has solufiok) - {1,...,B}. Assignr, where
k =f(u) to meetingV, for alli; then, for each, in R, the total time requirements of all meetings
containing resourcs will be at mostC, and we may assign any disjoint sets of times to these
meetings. Conversely, from any solution to the TTC instance we may deduce a bin packing by
assigning (u) = k whereM, containg’,. O

In high schools known to the author, some meetings in the junior years are split into two in the
following way in order to create small fragments to fill the bins:

meetingMis
(W -KT;
1R

end M,

meetingM? is
kT;

1R
endM?

for somek, allowing two teachers to share the meeting. This is callgplihassignmentand it



Is the major form of compromise permitted in high school timetable construction. Universities
are not subject to this problem, because face-to-face workloads are lighter and more flexible.

3.3. Intractability owing to time-incoherence

The bin packing NP-completeness just explained would vanish if all meetings were of equal
size, they were aligned in time, and each teacher’s workload were a multiple of the meeting size.
Meeting sizes and workloads are not under the control of timetable construction programs, but
the alignment of meetings in time is. It was calle@de-coherenceand shown to be a powerful
heuristic in practice, in [1]; and so the question naturally arises, is it possible to guarantee a
time-coherent solution when meeting sizes vary? We now show that the answer is no.

There are several ways to define time-coherence formally. One simple way is to define
the time-incoherencéM) of a set of meeting® to be the number of pairs of meetings from
M that share at least one time. We can then define the decision problem TTC-TC to be TTC
augmented with the requirement thl) not exceed a given bourkl Unfortunately, TTC-TC
is NP-complete even when the underlying TTC instance is trivial:

Theorem 3. BIN PACKING (with unary encoding)l TTC-TC.

Proof. We remind the reader that the purpose of this theorem is not just to prove the result
(we have already done so in Theorem 2) but to construct a TTC instance which establishes an
independent source of NP-completeness.

As previously described, the NP-complete BIN PACKING problem asks whether a set of
itemsU = {u, ... ,u}, each with a positive integer sizg}), can be packed intB bins each of
capacityC so that no bin is overfull. Transform to a TTC-TC instance whose groups are

timegroup T is
t.. gt

U BC’
endT,;
group Ris

r
endR;

and whose meetings a¥g, ... , X, andY,, ... ,Yg where theX; are
meetingX; is
r
su) T,
endX;
and theYj are
meetingY is

en(g 1)C+1" " jC’

and the bound oi{M) isK =n.



Suppose that the BIN PACKING instance has soluionU - {1, ..., B}. For each
meetingX;, choose angu) times (not already chosen) from the St {t, ;. ,, ... ,t,c} where
k =f(u). Thisis possible becau$guarantees that at maSttimes will be chosen fror,. All
requirements are satisfied, and eXcbverlaps with exactly on¥,, soi(M) = n.

Conversely, suppose that the TTC-TC instance has a solution(Mjix n. We must have
i(M) = nsince eaclX; must overlap at least or\(?, soi(M) = nand eaclX; overlaps exactly one
Yj. Settingf (u) = j then defines a bin packing for the O

Any reasonable definition of time-coherence would permit the same transformation. In practice
then, when meeting sizes vary we cannot expect to maintain time-coherence.

This inevitable loss of time-coherence causes severe problemsin practice. To illustrate this,
we present a transformation which shows that, in the absence of time-coherence, the problem of
assigning meetings to just one teacher is NP-complete:

Theorem 4. EXACT COVER BY 3-SETSITTC.

Proof. Recall that the NP-complete EXACT COVER BY 3-SETS problem is as follows. We
are given a seX = {Xx,, ... ,xgq}, and a collection of 3-subsets ¥fcalledC = {C,, ... ,C} with
n>g. The problem asks for an exact covergfthat is, a subcollectio@' [J C such that every
element ofX occurs in exactly one element Gf.

LetC, ={G ,,C ¢4 for 1<j <n where eacly,, = x for somei such thatl <i < 3q. We
transform an mstance of EXACT COVER BY 3- SETS to a TTC instance whose groups are

timegroup T is

X oo Xagp

endT;

group Ris
e rn_q;z;

endR;

and whose meetings afg, ... ,A_,andB,, ... ,B, where theA are

meetingA is

(30-3)T;
r;
endA;

and thij are

meeting Bj is
26263
1R

end Bj;

Now suppos& has exact cove'. Assignzto eachB, such thaC, UC'. Thisis feasible since
no timex; appears in two elements &f, and it takes care af of then meetingsB,. To each of



the remaining) - g meetingsB, assign one of thej. This Ieavesj free at all times excep, ,,
G » andc, 5, S0 we may assign trge - 3timesT - {¢, ,, G, G, 5} to A. The converse is similar:
in any solution to the TTC instancamust be assigned to exactyf thij, and these define an
exact cover foiX. O

The constructed instance amounts to assigning meetings to a regdaft their times have

been fixed) so as to maximize the number of times thatused. The importance of this was
discussed in relation to bin packing (Section 3.2), but now we find that time-incoherence makes
the problem NP-complete even when bin packing problems are absent.

3.4. Intractability owing to conditions on times

As explained in Section 2, the choice of a meeting’s times is often constrained by
requirements for double times, an even spread of times through the week, and so on. The
authors have experimented with a method of specifying these time conditions in TTL that is
sufficiently general that it permits a transformation from the archetypal NP-complete problem,
SATISIFIABILITY, containing exactly one meeting with no resources but with a complex
condition on the choice of times. At present, however, we use a simpler method which
provides a fixed finite list of allowed time conditions. In any case, in real instances the difficulty
arises not from complex time conditions, but rather from the need to satisfy the simple time
conditions of several meetings simultaneously. The following transformation establishes this
NP-completeness:

Theorem 5. EXACT COVER BY 3-SETSITTC.

Proof. Once again we remind the reader that the purpose is to construct independent
NP-complete instances of TTC, not merely to prove the result (which has been done before in
Theorem 4). As previously described, the NP-complete EXACT COVER BY 3-SETS problem
is as follows. We are given a s¥t={x,, ... , Xy}, and a collection of 3-subsets f called
C={C,...,C} withn>q. The problem asks for an exact coverxfthat is, a subcollection

C' O C such that every element &f occurs in exactly one element Gf.

Let eachC, = {c ,, G ,, G o Where eacly,, = X for somei. We transform an instance of
EXACT COVER BY 3 SETS toaTTC mstance whose groups are

timegroup T is

Xy s X
endT;
group Ris

r;
endR;

and whose meetings aké&,, ... ,Mq where eacH‘»/Ij is

meetingMj IS
3T;
r;

end M;;



In addition, we impose on eadW; the time condition that the three times chosen must be
{C G »C 3 for somek such thatt <k < n.

First suppose that the initial instance of EXACT COVER BY 3-SETS has a solution
c={C/... ,Cq’}. C' must have exactlg elements. For ajl assign the times c[tj’ to meeting
Mj. The collection of all these sets of times is pairwise disjoint, as required by the presence of
r in each meeting, and each meeting’s times satisfy the time condition.

Conversely, any solution to the TTC instance defines a collection of disjoint sets of times,
each of which satisfies the time condition, and from this we obtain a solution to the EXACT
COVER BY 3-SETS nstance. O

The TTL instance constructed here has small meetings, all with the same time condition, which
is a simple list of alternative time patterns as often occurs, for example, in university timetabling.
This is good evidence of intractability in practice.

Nevertheless there are special cases which can be solved efficiently.Of dhe pairwise
disjoint the problem is obviously trivial. More generally, EXACT COVER BY 3-SETS is
solvable in polynomial time if eack appears in at most two of tr@i [5]

We can identify a second easy special case based on the conceptgfi@time selectign
which we define as a time selection with a time condition requiring only that the times be chosen
from a given arbitrary subset of the set of all times. The problem of assigning times to any
number of time-disjoint meetings, each containing any number of simple time selections, can
be solved by bipartite matching in a graph whose edges connect nodes representing time slots to
nodes representing times.

Based on these two special cases and the observation that heuristic methods usually succeed
on this problem, it seems likely that a restricted version exists which encompasses most of the
cases encountered in practice, and which is solvable in polynomial time for sets of time-disjoint
meetings. Heuristics are certainly adequate if occasional violations of the conditions are
acceptable.

Incidentally, we can reinterpret the assignment of tifieg , ,, ¢, 5} to meetingM; as the
assignment of studentto sectiork of meetingMj. This shows that the assignment of sections
of university courses to even a single student (as discussed in Section 3.1) is NP-complete.

3.5. Intractability of assigning two forms simultaneously

One useful line of attack is to discover large subproblems that can be solved efficiently. One
suchis the matching subproblem introduced by de Werra [10]and generalized to ‘meta-matching’
by Cooper and Kingston [1], which assigns times to all the meetings ofayne(all meetings
having a nominated student group in common) simultaneously, in such a way that the demand
for the various types of teachers and rooms does not exceed their supply at any time.

The question naturally arises as to whether it is possible to assign suitable times to two forms
simultaneously in polynomial time. In the following proof of NP-completenkss, ... MX,
stand for the meetings assigned previously, g, ... MY, andMZ,, ... MZ, for the meetings
of the two forms to which we wish to assign times.

Theorem 6. THREE DIMENSIONAL MATCHING O TTC.
Proof: Recall that in the NP-complete THREE DIMENSIONAL MATCHING problem we are



given three setX, Y, andZ, each containing elements,and a skt [0 X xY x Z. The problem
is to determine whetheé¥l contains a matching, that is, a subsgt] M such tha{M’| = g and
every element oK, Y, andZ occurs exactly once iM'. We transform this to a TTC instance
whose groups are

timegroup T is
tl; tq;
endT;

group Ris

N O
endR;

vilz

and whose meetings aMX,, ... ,MXq, MY, ... ,MYq, andMZ,, ... ,MZq. These meetings all
have the same form, typified by

meetingMX; is
1T;

9%
end MX;;

where theMX selectr,, theMY; selectr,, and theMZ; selectr .

But now, for each tripleq = XY Z) in M, the complementoM in X xY x Z, we create
two new resources; and3 and a resource subgroépwhose members arg andBj, and we
add the selection 3 toMX,, MY,, andMZ_. This completes the transformation.

Suppose first tha¥l contains a matchintyl’. For each triplen’ = (X, V,,z) in M’, where
1<k<q, assign time, to MX_, MY,, andMZ_. SinceM' contains eaclx exactly once, each
MX; is assigned exactly one time, and these times are distinct, as required by the presgnce of
in each one. Similar remarks apply to thi&; and theMZ,.

It remains to check that all thlalﬁ selections are satisfied. SinRehas two elements, the
only possible violation would be if all three meetinglsX,, MY, andMZ_ scheduled for time
t, containedl R for some particulaj. But by construction this would implgx,, y,, z) O M,
contradictingx,, y,,z) OM'.

Conversely, if the TTC instance has a solution, the presenceg ehsures that th&1X
are assigned different times, and similarly for ¥M¥, and theMZ.. It follows that the solution
can be expressed as a setgdfiples(MX_, MY, MZ ) of meetings that occur simultaneously.
By replacing each meeting by the corresponding elemeitt 8t or Z, we arrive at a matching
SOXxYxZ. SinceMX,, MY,, andMZ_ occur simultaneously, they cannot all contain the
selectionl R for any particulag, so by construction the correspondifxg y,, z) cannot be an

element ofM. HenceS O M. O

The complexity of the savl is easily achievable in real instances, owing to ‘elective’ meetings
which select a number of teachers and rooms of arbitrary types. This would seem to rule out all
hope of assigning two forms simultaneously.



4. Conclusion

This paper has demonstrated that the timetable construction problem is NP-complete in five
quite independent ways. This explains why timetable construction is so difficult.

The instances constructed in our transformations are such as actually occur in practice. This
isimportant, because it ensures that the intractability is real, not merely an artifact of the method
of specification. Where known we have indicated special cases and compromises which may be
used to work around the problems.

Against these negative results we can set the limited size of timetable construction instances.
High schools with more than 100 teachers are rare; a week of more than 40 times is also rare.
University problemsare larger but seemto be easier. Asingenuity and computing power increase,
timetable construction will become feasible in practice.
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